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NEUTRIhTO OSCILLATIONS: AN
ESSAY IN HONOR OF FELIX

BOEHM

s, P, Roslix
‘~-D1\-ISIOS. 1.0S ,\ L,\\loS \,\”I_IOX.4L L.\llol{:\”lOI{\’”

LOS :\ I..4MOS, XEl\’ JIEXI(”O S7.;1.7

1 ABSTRACT

\\”rbric!ly r~virw the theory of rwutrino oscillations and thr \lS\\” (’lrw.t itu(l
r(*[mrt on nvw calculations by Rosen and Gclb for solar nclltril~o-cll’ctrf~[l scatttvitlq.
Tl)e ainl of ttwse calculations is to try to use the scattming process as a [1](’ans of
choosing between the three types of \lS\\” solutions for tlw 37(”1 rxpwirnent, Ilot h
t hr efficiency and the resolution of the Kamiokande 11detector arc taken into a(.tull[lt
~and the ratio 1{ of the \lS\Y prediction to tl]t= standard solar nw!cl prwlit’tion is
(.iilt.ulaltld for (lif~rrtylt cuts on the minimum elect rcm mwrgy, \\”r find that t hr
iilliiil)ati(” solution rmluirm 1{ to hf’ 1(’ss than 1/3, the large
II(*I(*ss than 2/:]. and the nonadiabatic one restricts it to a
(“t’I)lrill Va]ur of tilt? puhlishm,l Kll data is close to 1/2, I)llt
t () rxcl II(lr t II(*ot Iwr solutions,

2 INTRODUCTION



l:t~lix at the }’amacla Conference held at Osaka in JUIW of this ycarl 1.

[n a sinlilar vein, we can refer to the beautiful series of rt.~autor cxperi[llt}nts

It’tl I)}”F(’lix. ‘~hcse experiments), carried out at the (;omgtm Icactor over a pmiod

(~fs{~vmal vcars, provide the most sensitive laboratory lill]its on tllc {disappearance

~J1’/Jp ill ti]t~ para[llt~ter ~!onlain of small Arnz al]t! large si1120, otl]m cxperillwllts

il[ iit’t”t’lt’rii tor~’]) provide rat. hm tight limits ou the disappcarancr and app(>aranrc

O( (Iilrmtv]t typtw of nt’utrint) in the domain of small mixing angle and large rl]iiss

1’( ll~t’r(wcm.

(-iiven the weight of negative evidence. why should wc pursue the id(’a of

nt’ut rino oscillations’: Let me give you my own reasons for doing so:

Because the idea’) is a be~~utiful one. especially when coupled with the elegant

matter enhancement mechanism of Mikheyev and Srrirnov5), and \\”olfenstcinti).

Invoking a Diracian principle, I would like to suggest that whatever is Imautiful

should be true,

Decause the observation of oscillations is a definitive signal for the t=xistcnce

of neutrino mass”, and it is the most

well below 1e V’m

Decause there are significant regions

sensitive method of searching for masses

of parameter space remaining to I)(*rx -

plcwd. especially with IOO,Venergy neutrinos over very long distances23).

Ih’rause there exi9ts the possibility that we are sering oscillations with solar

mwt.rinos. indeed the Davisy) and Kamiokandc lls) experiments provide the

Iwst ( rcnwmber that ‘best’ does not necessarily imply bgoud’) evidmw for

n(’utrino oscillations but they are not detinitivc.

\\’c*al)l)var to have a conflict between theoretical desires on the one hand and Ilar(l

(Ixptvillwlltal factn on the other, NOW it happens that on rtly journry to l’~~~(l(*nii

I wits rfwdiug a book by an expmt negotiator who Imlievm in looking for ‘will -wi:l’

rfw)llltions to conflicts bctwtwm pcwpk. !$o here I am going to ]ook for a ‘win win’

rf%olllt iofl Of thf! phy!’k~,

3 QUICK REVIEW OF THE MSW EFFECT



are that it will provide us with the solution to the solar neutrino problem. The basis

for this effect, and also for the Karn.iokande II experiment. is to be found in the two

lowest order diagrams for neut rino-elect ron scattering. One diagram involves t he

exchange of a neutral 2° boson betwmm the electron and the ncutrino, and in the

standard G\\mS model. it has the same strength for all types of neut. rino; the other

is a ‘charge-exchange’ process involving the exchange of a charged 1~”+ boson. and

it ~“omes into play only for the electron-type neutrino v?. The existence of this

charged-current diagram means that v~ has a different refractive index. or Aftv’tivv

mass. in matter as compared with the other types of neutrino, vu and v,. and ttlitt

it has a much larger cross-section for scattering f~om el~trons than do the other

neutrinos. Both of these effects will play important parts in this discussion.

The phenomenon of z~II~rino oscillations is a purely quantum mechanical

ef~ect involving two almost degenerate neut rino mass eigenstates4’101, V1and VZ,with

mass= ml and rnz respectively, and with a common momentum p which is much

greater than both masses. The energies of the two STates are then given by the

approximate formula

E, =p+rn~/2p (i= 1,2) (1)

AS these mass eigenstates evolve in time, they acquire the appropriate phase

factors

erp(-2E, t)(j = 1,’2) (’.!)

and hence the phase difference between them oscillates with time. \f’henevcr we

have ncw statm defined as coherent combinations of these two states with definite

pi~ase rrlatiom between them, the character of the new states will oscillate in time

along with the phase difference.

Let us define the ekt[on neutrino v, and the muon ntmtrino u~ M : }W

[)rt hogonal combinations:

Ve = C09~vl + sin OuU



initially a pure electron neutrino or a pure muon neutrino will Lecome an admixture

of the two flavor states,

To explore the JIS\V effect., we write down the %-hrocdinger-likp tim~ tl(*-

J’e]ol)mcnt rquation for the osci]]ation arrlp!itukt;):

,(f,t _ ,/ .,

‘dt a (1)

wlwre A reprments a column vector of the probability amplitudes fur v, to remail]

u, arid for Vgto turn into another neutrino type u~, a, and am rcspectivcdy,

().4= a= .
am

The Itamiltonian H is given by:

(5)

(6)

with

[’ = (-os o

.9 = sin O (7)



the matter term can have powerful consequences: for. under the right conditions.

it gives us a Hamiltcmian matrix which is not only symmetric. but also one which

has equal elements down the diagonal. The eigenvectors of such a matrix are equal

admixtures of electron- and muon- neutrino, and for a given off-diagonal element.

the separation between the eigenvalues is minimal. In other words the extra term

in .Y gives us a chance to progress from non-maximal mixing in vacuo to maximal

mixing in matter.

The condition for equal diagonal elements, .Y = }- can be written as:

(s)

SOW the electron dens;tv .Ve is inherently positive, and the Fermi constant (JF, since

it arises from the exchange of a gauge boson, is also posit it”e: therefore the product

of Amz and cos 20 must also bs positive if the condition (t3) is to be satisfied. It

is not difficult to show that this requires the electron- neutrino to be dominantly

compo.sd of the lighter of the two mw eigenstates, and the muon-neutrino of the

heavier.

\Ve take the rwutrino masses to be so sma!l that the partic!cs travel with

the speed of light; in units where c= 1 we can then equate the time t to the distance

~ travellwl. For oscillations which occur in vacuo rather than in a material medium.

the probabilities for the survival of the original flavor and the appearance of a ncw

!lavor can be written in the standard forms:

P(u., v,; R) = 1- sins 20sin2(7~/L) (U)

(10)

whine the oscillation length L is:



that the mixing angle and the oscillation length are both modified. The survival

probability for an electron neutrino is now:

P(ve, ve; fl) = 1- sins 20M sin~(7rfi/L.~f). (l?)

The new oscillation parameters are obtained by diagonalising the equations of mo-

tion in eq.(4-7) above:

sinz 20,u = sinz 20/[sin2 M t (L/Lo - cos 20)2]

L.\f = L/[sin220 + (Li/Lo - cos20)2]’j2

L = 4irp/lm2

Lo = ~@2GF&. (13)

The formula for the new mixing angle in matter has some important proper-

ties: no matter how small the in vacuo angle d may be, the matter ang!e O,tf reaches

its maximal value wheu

L/L. = COS 28 (14)

which is just another way of writing the equal diagonal element condition of eq(S).

Therefore, as long M @is different from zero, there is always a density for which the

neutrino will oscillate with maximal mixing.

For a medium of varying density such as the sun, the enhancement condition

of eq. (S ) can be satisfied at different locations for neutrinos of different oscillation

lengths. Thus all neutrinos in an energy band which is determined by the density

profile of the medium and the value of Am2 will pass through an enhancement point

somrwhere in the medium,

To gain some insight into this situation, we express the electron density in

units of Avogadro’s LNumber and Lo in meters. The condition (S) becomes

‘1’lw valu= of p. encountered in the

7 * loecosue
(15)

Pe

sun vary from about 150 in the core to C1OSCS

to zrru at the t=dge and so the band of oscillation lengths rovers wwwxai ordms of

[nagnitude:

(1(j)



For neutrino momenta in the range of 1-10 XleV, typical of the ‘B neutrinos to

which the Davis experiment is sensitive, and a small mixing angle. condition ( 1.5)

corresponds to Am* in the range of 10-7 to 10-3 eV2.

In the earth, p, varia from about 3 at the surface to 13 at the center, and

so the range of Jmz which will give rise to enhanced oscillations for ‘B neutrinos is

10-s to 10-6 eVi. \Ve may therefore anticipate that for certain sets of parameters.

neutrinos can undergo enhanced oscillations in the earth as well as the sun, “This in

turr can give ri~e to a ‘day-night” tfkct in which electron neutrinos are converted

to another type in the sun and rejuvenated in their passage through the earth’1 I.

When we apply the MSW effect to the 37C1 experiment of Ray Davis and

his collaborators, we find that there are three types cf solution in the parameter

space of Am* and sin2 20: the adiabatic solution5’*21, in which ‘low’ energy solar

neutrinos remain as electron neutrinos while ‘high’ energy cries are almost completely

convert~ to muon or other neutrino type; the nonadiabatic solution13), in which the

‘low’ energy neutrinos are completely converted to another neutrino type while the

‘high’ energy onea have about a 50% of remaining as el~tron neutrinos; and the

l’) in which the probability for the solar neutrinos to remainlarge angle solution ,

as electron neutrinos is independent of energy. The dividing line between ‘low’ and

‘high’ is in the neighborhood of 6-8 MeV.

These solutions arise from the different ways in which the spectrum of solar

neutrinos can overlap the curve of probability for Meto remain v. as a function of

the oscillation length parameter / = p/Am2(&feV/ev2). The characteristic behavior

of the probability is that it is close to unity for i ~ 3 x 104 and then falls rapidly to

the value of sinz tJ in the neighborhood of 1 = 105; this is the adiabatic part of the

curve, [t remains at this value for a decade or more, depending on the magnitude of

the mixing angle, and then begins an exponential, nonadiabatic rise back to unity

aY 1 apprcach= 108.

For small mixing anglea, the probability in the central region is close to zmt~

and so for valum of Am* in the range 10-4 to 10-7, we find that the probability curve

divides the spectrum of aB neutrinos into two parts, one with a large probability and

the other with a small one. In the adiabatic solution the large probability occurs

for low energies, and in the nonadiabatic one, it occurs for high energies.

For large mixing angleu with sins O = 1/4 - 1/2, the central region is large

(vIo(Jgh to contain the entire solar neutrino spectrum, Thus we obtain a solution in

which the probability for u. to remain v, is independent of energy, This *olution



spans the entire range of Ama for which MSW comes into play, and it includes the

values for which the day-night effect occurs.

It is clear that in order to distinguish between these solutions, we must find

a way of meawuring the probability as a function of energy. One way is to look

at the low energy pp neutrinos: for the adiabatic solution they remain as electron

neutrinos, whereas for the nonadiabatic one they can be almost entirely converted to

another type 131. .Another way of making the distinction is to look at the scattering

of solar neutrinos by electrons.

4 SOLAR NEUTRINO-ELECTRON SCATTER-
ING AND THE KII EXPERIMENT

Solar neutrino-electron scattering is sensitive to all types of neutrino except

sterile onesg). Electron neutrinos have the largest cross-section, by a factor between

6 and 7, because they interact with electrons through both charged- and neutral-

currents; the muon- or tau-type neutrinos into which they might oscillate interact

only through the neutral-current. Should solar neutrinos oscillate into sterile types,

then the sterile neutrinos will not scatter from electrons at all.

Total cross-sections for solar neutrino-electron scattering in the context of

the standard particle physics model and the LMSWmechanism have been calculated

by Bahcall, Gelb, and Rosen151. Subsequently, Gelb and Rosen*el have examined

the implications of the different MSW solutions of the 37CI experiment for electron

scattering. They found that there is a definite relationship between each solution

and the ratio R of the observed signal to the signal expected on the bmis of the

standard solar model in the absence of neutrino oscillations. They found that the

adiabatic solution pralicts valuea of R less than, or equal to 1/3, while the large

angle solution allows valuea up to approximately 2/3; by contr~t the non-adiabatic

~olutions predicts that R should be in a narrow range around 50%. In addition

R can never fall below 1/6 unless solar neutrinos oscillate into sterile types. This

summer Gelb and I have re- examined our calculations taking into account certain

properties of the KII detmtor that were ignor~ in earlier work. I would like to

Aescribe the r~ults here.

‘r.use solar neutrin*electron

tween different .MSW solutions of the

and Rosen *s) and write the differential

scattering as a tool for distinguishing bc-

Davis experiment we follow Bahcall, Gelb,

cross. section for producing a recoil electron



with kinetic energy T as:

w-here o(q) is the spectrum of neutrinos of energy q produc~ in the sun, ~ is the

differential cross-section for neutrino electron scattering, and Pee(q) is the probability

for an ehxtron-type neutrino of energy q to remain an electron neutrino. The basic

differential cross- section ~(ue) depends upon q, T, and t,he flavor of the incident

neutrino.

Since we actually me-ure the product of the basic differential cross-section

times the flux, we must assume that the neutrino flux ~(q) is given by the standard

solar modelg) in order to extract information about MSW from the data. In addition

we must take into account the detector efficiency for r=ording electrons of an appar-

ent energy Ta and its resolution function, which gives the probability that the true

electron energy is T~ when the apparent energy is Tm. In our new calculations, Gelb

and I use the prescriptions for efficiency and resolution given in various publications

of the Karniokande collaboration’7J and described by Bahcall and H=ton’8) in their

recent study of MSW and the standard solar model.

The efficiency function for the Kamioka detector is:

j(Ta) = O TaSTO

TO = 4.2MeV.

The detector resolution is approximately given by a Gaussian:

p(Ta, Tt) = ~ew_(T* -T, )a/2u~(T.)

r10MeV
u(Ta) = 0.22Tm ~,

a

(18)

(19)

where N is chosen so that the integral of p( Ta, Z’t) over apparent energies from the

electron maw to infinity is qual to unity.

To obtain the total cross-section, wc perform a double integral over both

the apparent and true electron energies of the differential cross-section in eq. ( 17 )



weighted by the product of efficiency and resolution functions. The Integration runs

from the experimentally required minimum energy T* to the kinetically allowed

maximum T-:

(20)

It follows from eqs. (17) and (20) that (a(ue)) is bounded from above by the

cross-section for pure electron-neutrino scattering, and from below by that for pure

muon-neutrico scattering:

o(u~e) ~ (a(ve)) < u(vee) . (21)

A signal below this lower bound would indicate that the oscillation must take place

into a sterile neutrino.

The effect of detector efficiency and resolution upon the magnitude of the

cross-section in the standard solar model varies with the minimum energy cut Tti:

they tend to increase the cross-section when the cut is large, and decrease it when the

cut is relatively low. For example, when T’ti = 9.3,1#eV, the cross-s~tion is 0.014

SNU with perfec~ efficiency and resolution and 0.02 SNU with the actual properties

given in eqs. ( 1S,19) above. By contrrwt, for T’ = 7.5.kleV, the cross-section is

0.042 SNU in the perfect case and 0.037 SNU in the actual one. Here SNU stands for

one solar neutrinoelectron scattering event per 10= electrons per second. Given a

fiducial volume of approximately 68o tons for the KII detector, these crcm- sections

correspond to event-rates of 0.27, 0.38, 0.82, and 0,72 events per day respectively.

We can understand the ploport ionately large effect for the higher energy

cut on the baais of the behavior of the basic cross-section and the energy spectrum of

the ‘B solar neutriuosl*J. The cross-section increases linearly with enel gy while the

spectrum behavea a!~proximately quadrar ically, rising to a maximum in the vicinity

of 6.5 MeV and then declining to zero near the end-point of 14 MeV. Now the

resolution function spreads an apparent energy over a range of roughly 3-4 McV

and, at the higher cut it tends to bring in many more neutrinos with slightly lower

energies and cross-sections; the net efkt is to give a significantly larger signal. As

the cllt moves back towards the peak of the spectrum, thl cverse tends to happen:

the rmolution spreading tends to bring in fewer neutrinos, but with higher energiw

and cross-sections, and the overall effect is a slightly QwIaUer signal.



Theresultsof our new calculations are shown in Figure(i) where wc plot

the \ISW predictions for the cross-section as a function of Jrn2 for a series of values

of sin2 ‘2r3. \Ve express the cross-section as a fraction of the cross-section predicted

by the standard solar model for the same minimum energy cut Tm and the same

efficiency and resolution functions u given above, but ~vith no oscillations. T}vo

energy cuts are considered: Tti. = 9.3 and 7.3 lleV.

Imposing the restrictions corresponding to the N[S\V solutions of the 27(’1

experiment. we find that the results for the fraciion of \lS\V to standard model

cross-section are very little changed from the case when efficiency and resolution

were not taken into account. The adiabatic solutior. still implies that the fraction

R must be less than 1/3 and the large angle one restricts it to ‘2/3 or less. For the

nonadiabatic solution, however, R tends to be slightly larger than before: whereas

in the original calculation R hovered between 0.5 and about 10% below it, R now

hovers between 0.,5 ana 10% above it.

The value R = 0.5 in the case of the nonadiabatic solution and its relative

constancy are not difficult to understand. Solar neutrino-electron scattering in the

KI [ experiment is sensitive to neutrinos in the higher energy half of the spec~rum.

a region for which the nonadiabatic solution gives about a 40% survival probability

13)”thus 4070 of the neutrinos will scatter with the maxi-to electron-type neutrirlos ,

mal electron-type neutrino cross-section, while the other 60% will scatter with the

neutral-current cross- sectiorl which is a factor of 6 smaller. Simple arithmetic then

yields a value of 0,5 for R.

At the time of writing, the KI1 collaboration has published the results of 450

days of observatiol~ between Jafiuary, 1987 and May, 19S9, an interval which overlaps

with the period during which the 37C1 experiment has been yielding a signa17) of

about 4 SYU rather than the overall average of 2,1 SNU, Tht value of R that they

obtain, namelyal

R = 0,46 + 0,13( stat) + 0.08( syi9t), (~))

trnds to favor the nonadiabatic solution, but the errors arc sul..cicntly Iargc that it

{Iocs I)ot ~xclud.. the adiabatic one. [n ad(lltiol,, t]ic rmult is also consistent will] 1]1(’

Inrgr anglr solution. As more data is ticcun]ulatm.1, one may hopr that the c(*litral

va]lir will rcnlail~ unchanged, wt]ile the err~rs shrink down LOa level wllrrr [)II(Sca!~

Ill(ike J more drfinitr staternmt about the adiabatic solution; howmw to distillgllisl)

l~rtwm[] the ot]]cr soliltions Or)r must turn to other cxperinwrlt, s,ml)vcially the ‘! c;(i



one.

In so far as the large angle solution is concerned, the conversion of electrot-

ype ntwtrinos into other tj’pm is independent of energy and it predicts that the

signal for the 71Ga experiment, which is predominantly sensitive to the low energy

pp st,lar neutrinos, will be suppressed by the same factor of 1/4 - 1/2 as in the

37C1 one. The nonadiabatic solution, on the other hand. yields a much stronger

conversion for low energy neutrinos than it does for high energy ones and so it can

yield a much greater suppression of the 71Ga; in fact, the signal could be as low as

10 ~~ ‘)-j ~s713) “instead of the 130 SNU predicted by the standard model. This is

illustrated in Figureg (?a, 2b and -le) of a rtxent paper of Bahcall and IIaxtonl U’.

\Ve look forward to the results of this experiment with great anticipation.

5 CONCLUSION: THE WIN-WIN SOLUTION

lVe also look forward to a new reactor experiment recently proposed by Felix

201 It will be periormed with a kiloton detector to be located in aand his colleagues ,

railway tunnel 13 kilometers from the Goesgen reactor, and it will probe the region

of parameter space corresponding to large mixing anglea and &na of i d-’e Vz.

If Felix and colleagus find an effect, then we shall be blessed with a major

discovery of profound importance for physics beyond the standard model. If they

Iind no effect, then perhaps they will be confirming, indirectly, the scenario prt=ferrcd

I)y this author,

Happy Birthday Felix, and please give us the answer when we come to

celebrate your 70th !
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7 FIGURE CAPTIONS

Fig. 1 The ratio of \lS\V to standard model predictions for solar nrutrino

electron scattering taking into account detector efficiency and resolution for two

different minimum electron energy cuts, Each curve corresponds to the value of

sin~ 20 indicated beside it.
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